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Equivalent Circuits of Junctions of
Slab-Loaded Rectangular

Waveguides

ALFRED T. VILLENEUVE, SENIOR MEMBER, IEEE

Abstract —Equivalent-circuit parameters are calculated for junctions of

dielectrically loaded rectangular waveguides. The loading takes the form of

axial slabs consisting of dielectric sandwich structures. Two different forms

of the equivalent circuit are considered. One form, which consists of an

ideal transformer between two sections of transmission line, appears to be

the most natural for these junctions. A number of examples are given.

I. INTRODUCTION

T HE DESIGN OF waveguide systems sometimes de-

mands that waveguides be loaded with longitudinal

dielectric slabs in the form of either single dielectrics or

sandwich structures. Often, however, the use of such de-

vices creates junctions between guides with different load-

ings. Consequently, the equivalent-circuit parameters of

such junctions should be determined so that their effect on

system performance can be predicted. In this paper, the

equivalent-circuit elements of several junctions are

evaluated for this purpose.

Chang [1], [2] analyzed the junctions of rectangular

guides in which each guide had different slab-loading

configurations that were asymmetrically arranged about

the centerline. Only one dielectric was considered in each

guide. For these junctions, Chang computed values of the

elements of the equivalent circuit shown in Fig. 1. Chang’s

approach made use of a moment method in which the

scattering mattix and then the elements of the T network

were computed, necessitating the solution of two problems:

one in which the excitation was incident from the first

guide and another in which the excitation was incident

from the second guide. The method also required that the

propagation constant of each mode used be determined

through the solution of a transcendental equation. It then

necessitated that the corresponding modal field distribu-

tions be ascertained for use in the moment method.

The method used here differs from that of Chang in
several important respects. First, the guide loading differs

from that considered by Chang in that the dielectric
materials can be sandwich-type structures consisting of two

dielectrics (Fig. 2). Only symmetrical structures are consid-
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Fig. 1. Chang’s equivalent circuit of junction of slab-loaded guides.
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Fig. 2. Sandwich structure of two dielectrics in rectangular waveguide.

ered here. Second, two different equivalent-circuit forms

are considered (Figs. 3 and 4), which are the same as those

used by Collin [3]–[5]. The form in Fig. 4 would appear to

be the most natural for the junctions considered here, since

the transformer ratio comes out to be very nearly unity in

all cases, and one immediately sees that the main effect of

the junction is to make the effective lengths of the lines

slightly different from their physical lengths. Thus, the

primary effect of higher order modes at the junction is to

modify the phases—but not the magnitudes— of the trans-

mission and reflection coefficients. This conclusion is not

immediately evident from the equivalent circuits of Figs. 1

and 3.

A third distinction between this method and Chang’s lies
in the fact that the Rayleigh–Ritz method is used in the

current approach to determine the mode configurations

and propagation constants in the loaded guides; thus, no

solutions of transcendental equations are necessary [3].

Further, only a single problem need be solved to obtain the

complete equivalent circuit. Finally, the circuit parameters

are obtained through the use of a method that does not

require a direct solution to the equations expressing

continuity of the fields across the junction.

0018-9480/85 /1100-1196$01 .00 @1985 IEEE



VILLENEUVE: SLAB-LOADED RECTANGULAR WAVE GUIDES 1197

EEIE
Fig. 3. Collin’s lumped-element equivalent circuit.
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Fig. 4. Collin’s transmission-line form of equivalent circuit.
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Fig. 5. Lossless discontinuity between two waveguides.

The approach used herein expands the mode functions

of the loaded guide in terms of the modes of the empty

guide. In this method, the propagation constant and expan-

sion coefficients are determined by means of the

Rayleigh-Ritz technique. The mode functions are then

used in a field-matching technique across the junction to

generate an equation from which the equivalent-circuit

parameters can be deduced.

H. DISCUSSION

A. Equivalent-Circuit Forms

The problem to be treated is similar to that described in

Collin [3] except that the cross sections of the guide have a

different loading configuration. The general configuration

to be analyzed is shown in Fig. 5. In this configuration, the

short-circuit termination keeps all field quantities real,

thereby simplifying numerical computations. The distance

d in guide O represents the distance from the junction to

the position where the electric field of the dominant mode

vanishes. It has been shown that I l_’l Id and IYJ 1 are related

by the following equation [6]:

(1)

where A, B, C, and D are constants of the particular

discontinuity and rl and yl are the dominant mode propa-

gation constants in guides O and 1, respectively.

The elements of the equivalent circuit of Fig. 3 are given

in terms of A, B, C, and D as follows [3]:

X2,=;–;

DA B
n2z1=—

C2 –z”

(2a)

(2b)

(2C)

The elements of the equivalent circuit of Fig. 4 can be

shown to be given by the following expressions (see Ap-

pendix I):

‘Z=itan-’(=)+tan-’(a]‘2d)
f31=j[tan-1(~)-tan-1 (~)] (2e)

A
tan 6J1– E tan 82

n2Z1= A

jj tan61– tan 82

(2f)

The expressions for A, B, C, and D can be found by

solving the boundary-value problem for the particular

junction of interest. This solution is considered in the

sections that follow.

B. Eigenvalues and Eigenfunctions

The eigenvalues and eigenfunctions of the dielectrically

loaded waveguides are determined through the use of the

Rayleigh-Ritz method as described by Collin [3]. For the

geometry under consideration, the modes excited are longi-

tudinal-section E (LSE) modes, which have no component

of E normal to the dielectric slab surfaces. In addition,

there is no field variation from the top to the bottom of the

guide. These modes may be approximated as closely as

desired by a linear combination of modes of the empty

waveguide. The appropriate empty-waveguide modes are

given by

f(x)=csin(:x)‘=12- ‘3)
The eigenfunctions $~(x) of the loaded guide can be

approximated as a linear combination of the f. as follows:

N

(4)
~=]

As N increases, the approximation improves.

The eigenfunctions +.,(x) are solutions of the following

equation:

d ‘~
-#+[y:+ %(x)k;]%(x)=O (5)

with o~ vanishing at x == O and x = a. From this equation,

it is possible to derive the following stationary expression
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for the y~: If these expressions are applied to the equations in (7),

[[(%]’-’r’:@:]”

the propagation constants y~ and the corresponding eigen-

vectors a~~) can be obtained through the use of standard

1’. =
[“ +;dx “

(6) computer library subroutines. These propagation constants

and eigenvectors can then be used in a mode-matching
Jo

technique to determine the equivalent circuit, as will be
If (4) is substituted into (6) and the stationary property of d

(6) is employed, the following system of simultaneous
escribed in the following section.

equations is obtained for the a~m): D. Application of Boundary Conditions
AT

) 0 N (7)~ a~m)(~n - Y#nP = p=l,2>. ... In guides O and 1, the modes are approximated by the

~=1 following expressions:

where M

[

a df~ dfP 1~n=TmP= ~ ~ ~ –(c,k; )f~fP dx,
n=l,3, . . .

p=l,3, ...”
I/p = ~ b$)fm(x) (ha)

~=1

It is assumed that the Ore(x) are normalized to unity,

(8) +:)= ~ a~~~(x). (llb)

i.e., ~=1

The electric-field strengths in the two guides are then given

(9) approximately by
M

The equations in (7) forma system of N linear equations

in N unknowns and have nonvanishing solutions only for

those values of y~ that make the determinant of the

coefficients vanish. Thus, they determine N real values for

y: and N corresponding eigenvectors a~n). The algebrai-

cally smallest value of y; corresponds to the dominant

mode. If only a single mode propagates at the frequency of

operation, then y: is less than zero, while all other y: are

positive.

C. Application to a Specific Slab-Loaded Configuration

N1

()
M

+ x An ~b~)fm cr.’, z -= O (12a)
n= 3,5, m

E,= B1 sin Iyll(z – l)~a~)f~
m

Nz

()
M

+ x Bn ~a~)f~ e–~.’, Z >0. (12b)
fl =3,5, m

If the rectangular dielectric slab-loaded guide in Fig. 2 is

excited in such a way that only the modes that are symmet-
In these equations, it is assumed that the short circuit is

far enough from the junction that the higher order modes
rical about x = a/2 are excited, then only those modes

that correspond to odd index values will be required, and
in guide 1 die out before reaching it. The transverse mag-

the expressions for T.p will be given as follows:
netic-field strength is proportional to the z derivative of Ep

aEy
— = ~11r1p051r11(z + d)~b:)fm
az m

‘n25jrnAn\:b$7m~er”z’ ‘<0 “3a)

N2 {M \

- s‘nBn\2a:ymJe-’n=‘>0”“3b)n= 3.5,

Since the number of terms in the series is finite, the terms

in (12) and (13) can be regrouped in the following manner:

n= 3,5,

fro(x), z <0 (14a)
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N2

+ ~ Bna~)e– Y.z)fro(x),
n= 3,5,

N1 \

J+~ I’nAnb~)er”’ fm(.x),
n= 3,5,

)- ~ynBna~)e-’nz fro(x),
n= 3,5,

Given the continuity requirements on

Z>o

Z<o

(14b)

(14C)

Z>o. (14d)

the transverse com-

ponents of E and Hat z = O, the coefficients of the ~~ can

be equated for x = O to give the following sets of equa-

tions:

N1

b(l)Alsin Irlld + ~ b$)An =m – a~)B1 sin Iylll
n= 3,5,

N2

+ ~ Bna~), m=~, z,... , M (15a)
n= 3,5,

N1

‘l)BMCOSIYNb(l)lrll~lcoslrlp + ~ b$h7n~n = Um
m

n= 3,5.

- ~ ynBna~), m=~, z,... , M. (15b)
n= 3,5,

When one makes the substitutions

A;= ~lcOsplp (16a)

B!= ~lCOSlyll/ (16b)

the set of equations takes the following form:

b(QA;tan 11711d+ ~ b~)An + a~)B:tan Iylllm
n= 3,5,

- f Bna~) = O (17a)
n= 3,5,

Nl

Xb:)lrllA; + ~ b~)rnAn – a~)lyllB~
n= 3,5,

N,

+ ~ ynBna:) = O. (17b)
n= 3,5,

These equations have (Nl + Nz + 2)/2 unknowns. If ~ is

made equal to (Nl + N2 +2)/2, the system will have as

many equations as unknowns. For a nonvanishing solution,

the determinant of the coefficients must vanish. The de-

terminant can be expanded in such a way that the require-

llYY

ment that it vanish is put into the form of (l), with

A = lrlllYll A/1 (18a)

B = – lrllA~ (18b)

C=–lyll Ac (18c)

D=A~ (18d)

where the A’s are defined in Appendix II.

These expressitins are easily evaluated on a digital com-

puter. The equations in (2) can then be used to determine

the equivalent-circuit parameters.

E. Numerical Results

The foregoing analysis has been applied to several con-

figurations (see Fig. 6(a)–(e)). The specific dimensions and

perrnittivities of these configurations are outlined in Table

I, while the equivalent-circuit parameters are shown as a

function of tl/a in Fig. 7(a)-(f).

Configuration A is just the junction of an empty guide

and a single centered slab. The thickness of the slab was

increased from zero until approximately the point at which

the next highest order of symmetric mode propagates. For

nonzero slab thicknesses, the apparent electrical length of

the unloaded guide increases, while that of the loaded

guide decreases. The magnitude of the effect depends on

slab thickness. The value of the turns ratio n remains quite

close to unity over a large portion of the range, indicating

that the principrd effect is a phase change of the reflection

coefficient. The phase of the transmitted wave is not greatly

affected, since the signs of the length changes are opposite

and tend to cancel. This form of the equivalent circuit

immediately shows that adjusting the lengths of the two

guides can compensate for these phase shifts.
Configuration B is a similar junction but with a sand-

wich structure in one guide. In this configuration, t2 is

fixed and tl is increased until approximately the point at

which the next symmetric mode propagates. Because of the

presence of the second dielectric slab of fixed width, the

arrangement is never matched; as in case A, the loaded

guide is shortened while the empty guide is lengthened

electrically. When tl is small—that is, when the slab is

mainly a low-permittivit y dielectric— the turns ratio is

close to unity but rises somewhat for larger values of tJu.

This rise will affect the magnitude of the reflection and

transmission coefficients to some extent, but here again,

correcting the physical line lengths may compensate for the

phases.

Configuration C shows the junction of two guides, both

loaded with the same dielectric material. The thickness t3is

fixed, while tl/a is varied until the next higher symmetric

mode propagates. When the two slab thicknesses are the

same, the junction is matched. For a large range of tl/a on

either side of this value, n is very close to unity and never

departs from unity to a significant extent for any tl/a. In

this case, the main effect is a phase shift of the reflection

coefficients. The transmission phase is hardly affected,

since the d‘s are nearly equal and opposite.

Configurations D and E are similar; the only difference

between them lies in the thickness t3 of the high-permittiv-
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ity dielectric. In

the thickness of

main effect is a

cients.

Configuration

these cases, tl is varied from zero to t2,

the low-perrnittivity dielectric. Again, the

small phase shift of the reflection coeffi-

F shows a variation that differs somewhat

from the other configurations. As tl/a is varied from zero

to the point at which the next higher symmetric mode

propagates, a matched condition is reached—even though

the dielectric slabs are not identical in this case. Rather

than approaching zero, the electrical correction terms ap-

proach plus or minus n/2, indicating a large, rapid change

of the phase of the reflection coefficients from what theory

predicts without the junction equivalent circuit. However,

the magnitudes of the reflection coefficients in this region

are very small, since the junction is nearly matched. At the

matched point, the phase change reaches 180°. The phase

of the transmitted wave is unaffected, since the line-length

changes are equal and opposite. For widths farther away

from the matched condition, the main effect is once again a

change in the phase of the reflection coefficients.

Fig. 8 shows the parameters of the equivalent circuit of

Fig. 3 for configuration D. While it is evident that a match

occurs for large values of X2, for small values of Xl, and

for 21= 1, it is not evident from this form of the circuit

what the main effects would be away from this condition

or how one would compensate for these effects.

III. CONCLUSION

A method has been presented for the evaluation of

equivalent-circuit parameters of junctions of dielectrically

loaded rectangular waveguides. This method, which is an

extension of the two-mode method of Collin [3]–[6] but

differs from that of Chang [1], [2], can be easily pro-

grammed for a digital computer. Results have been pre-

sented for several junction configurations using the

transmission-line form of the equivalent circuit, which

readily lends itself to the estimation of the main effects of

the junction and to methods for compensating for these

effects.

APPENDIX 1

EQUIVALENT-CIRCUIT PARAMETERS IN TERMS OF

ABCD

In terms of the equivalent-circuit and loading condition

shown in Fig. 9, the input impedance at @l can be calcu-

lated to be

Zin =
jn2Zltan(Oz +@ Jcos(O1+ @l)+jZCsin(s31+ @l)

ZCcos(fll ++l)-n2Zl tan(f32+ @2)sin(@l+ @l) “

(Al)

If @l is selected so that 2,. is zero, then the following

equation must be satisfied:

tan(@l+ Ol)=– N2tan(@z+d2) (A2)

(a)

4 !3 t,

I-_

(c)

(d)

(e)

Fig. 6. (a) Junction of empty guide and single-slab-loaded guide (top
view, configuration A). (b) Junction of empty guide and composite-
slab-loaded guide (top view, configuration B). (c) Junction of slab-loaded
guides—same dielectric material on each side (top view, Cl = +, config-
uration C). (d) Junction of composite-slab-loaded guides, Cl = Cq and
Cz= <4, tz = t4 (top view, configurations D and E). (e) Junction Of
guide with composite slab and guide with single slab (top view, Cl = [q,
configuration F).

TABLE I
DIMENSIONSAND RELATIVE PERMITTIVITIESFORCASES A

THROUGH ~

I
I
I

1---VARIABLE

FREQuENCY (GHz)

GUIDE WI DTH (IN)

tZ (IN)

‘Zr

t3 (I N.]

‘3r

t4(l Nl

I c4r

IL___

CASE

mA B c

954261 954261 954261

0900 0900 0900

0495 —

— 2,65 —

— — 0200

— — 900

— —

— —

900 9.00 900 I
D E

9.54261 954261

0900 0900

0315 0.315

2,65 265

0200 0100

900 900

0315 0315

265 265

900 900

F

954261

0900

—

—

0100

900

0300

265

900
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Fig. 7. Equivalent-circuit parameters of configurations A through F.
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1.4 -
xl From the equations in (A5), we can derive the following

150 – 1.2 – – 1.004 expression:

A+D tan 02 + tan fll
~~ 100– ; 0,8– – 1002 — .

x’ c

B–C l–tan81tanf32
= tan(tl, +dl). (A6)

06

50 - 04 - 0.1 – 1.000 In a similar manner

0.2 –

A–D
0-

0 01 02 0.3
-0.998 ~=tan(o++). (A7)

tlla

Fig. 8. Parameters of Collin’s lumped-element equnalent circuit for
configuration D.

Consequently, the equivalent-circuit parameters are given

by the following expressions:

T n.1 T

02=:[tan-l(Hl+tan--1(A8a)

‘l=:[tan-’(atan-l=al(A8b)

Fig. 9. Arrangement for determining equivalent-cucuit parameters

A

where
tan f?l – 5 tan 02

~z=
A

(A8c)

~2=n23 (A3) ~ tan 01 – tan 02
Zc “

On using the expression for the tangent of the sum of two Therefore, if we can find quantities proportional to A, B,
angles, (A2) can be written in the following form:

C, and D, the equivalent-circuit parameters can be de-

A+ Btan$2 termined.
tan~l =

C+ Dtan@2
(A4)

where

A= N2tan02+tan91

B= N2–tan82tan81

C= N2tan81tan82-1

(A5a)
APPENDIX 11

SYSTEM DETERMINANTS
(A5b)

The equations in (17) can be rearranged in such a way

(A5c) that the determinWt of the coefficients takes the fOllOwing

D= N2tand1+tan62 (A5d) form:

A=

ff) (3)
— al b[s) (3 . . .— al

r3bf) y3ap r5bj5) y5@ . . .

b$3) _ ~ $3) & (5) . . .– a3

I’3b$3) y3a$3) r5b$5) y5a\5) . . .

@3) (3)
— a5 bf) _ af5) . . .

I’3bf3) y3a\3) r5bJ5) y5a$5) . . .

b$)
— a$) b~) “(5) . . .

— a~

r3b$) y3a$) r5f#) y5a(# . . .

b~li) _ afN)

r~bfN) y~afN)

bj,v) (N)
— a3

I’~b$N) yNa$N)

@N) (N)
— a5

rNbfN) yNa$N)

b(j) “ (N)
— aN

I’Nb\N) yNa~N)

(A9)
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The determinant AA in the equations in (18) is given by the following expression:

(3)
– al

~3af3)

. a~3)

y3aj3)

— a j3)

y3 a\3)

— a$)

~3a:)

~\5)

r5bp

bf)

r5bf)

bf)

r5bj5)

b$)

r5b$)

_ af5)

y5af5)

— (J\5)

y5 a$5)

— a 15)

y5a f)

— a$)

y5a$)

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

A ~ is the same as AA except that the

replaced by afl), O, af), O, a$), O,. . . . a~), O

first column is

. A ~ is the same

as AA except that the second column is replaced by

b\l), O, bf), O, . . . b(l) O A ~ is the same as Ac with the first,N, .

column replaced by afl), O, u$), O, u$), O,. . . . as), O.
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